A rigorous surface integral equation approach is proposed to study the spontaneous emission of a quantum emitter embedded in a multilayered plasmonic structure with the presence of arbitrarily shaped metallic nanoscatterers. With the aid of the Fermi's golden rule, the spontaneous emission of the emitter can be calculated from the local density of states, which can be further expressed by the imaginary part of the dyadic Green's function of the whole electromagnetic system. To obtain this Green's function numerically, a surface integral equation is established taking into account the scattering from the metallic nanoscatterers. Particularly, the modeling of the planar multilayered structure is simplified by applying the layered medium Green's function to reduce the computational domain and hence the memory requirement. Regarding the evaluation of Sommerfeld integrals in the layered medium Green's function, the discrete complex image method is adopted to accelerate the evaluation process. This work offers an accurate and efficient simulation tool for analyzing complex multilayered plasmonic system, which is commonly encountered in the design of optical elements and devices.
Introduction
The control of spontaneous light emission plays an important role in designing various optical elements and devices, such as nanoantenna, hyperbolic metamaterial, light-emitting diode (LED), laser, solar cell, etc [1] [2] [3] . Inhibiting unwanted spontaneous emission (SE) and boosting desired ones will promote emerging optical designs with new functionalities. It is well known that atoms at the excited states can spontaneously emit light even in the vacuum. Purcell in 1946 first demonstrated that the SE of a quantum emitter is not an intrinsic property of the emitter but can be modified when it is coupled to a cavity resonator, now known as the Purcell effect [4] . SE can be explained by the atom-field interaction in the weak-coupling regime through the quantization of the electromagnetic (EM) field. The vacuum fluctuation of the EM field perturbs the atom system and induces the "spontaneous" emission of photons. If the local EM environment is properly modified, which leads to the change of local density of states (LDOS), SE can be manipulated. The spontaneous emission rate (SER) expressed by the Fermi's golden rule [5] can be related to the LDOS in the local EM environment. The LDOS can further be expressed in terms of the imaginary part of the dyadic Green's function [6] . Finding the SER is equivalent to calculating the Green's tensor in inhomogeneous EM environment. Therefore, this quantum electrodynamic problem can finally be cast into a classical EM scattering problem.
As one of the methods to control SE, plasmonic effects are successfully explored to design various optical elements and devices for enhancing and redirecting the emission [7] [8] [9] [10] . Regarding laser and light emitting diode applications, enhancing SE enables the improved photoluminescence, low threshold current and fast turn-on time due to the strong optical confinement by plasmon resonances. Meanwhile, SE can be redirected with strong directionality in YagiUda nanoantenna system, which is quite useful in molecular detection and sensing [11] . On one hand, the multilayered structure is commonly encountered in the above designs which strongly affect their optical response. The multilayer substrate will significantly modify the radiation pattern and directionality of the optical antenna. In multilayer devices, the thickness of each layer will determine the spectral and spatial locations of waveguide modes, which can be coupled to plasmonic resonances [12, 13] . On the other hand, modeling SE of multilayer structure gives rise to computational challenges in finding the dyadic Green's function. From computational electromagnetics [14] point of view, there are a wide variety of numerical methods available for achieving this purpose. The differential-equation-based methods [15, 16] are straightforward in implementation, but require one to discretize the scatterers as well as the background, leading to a large computational domain. The integral-equation-based methods [17] only discretize the scatterers and thus does not require any domain truncation or absorbing boundary condition with more accurate results compared to differential-equation-based methods. Also, if the surface equivalence principle is applied, the surface integral equation (SIE), also known as boundary element method (BEM), can be obtained, where the unknowns are only defined on the boundary of the scatterers. Due to these unique features, SIE receives intensive research in plasmonic nanostructures [18] [19] [20] [21] .
In this paper, the SIE is adopted to calculate the SER of a complex multilayered plasmonic system, where the quantum emitter can be embedded in an selected layer with the presence of arbitrarily shaped metallic nanoparticles. Surface discretization is implemented only at the boundary of the nanoparticles and the effects from multilayer structure is accounted for by utilizing the layered medium Green's function (LMGF) [22, 23] . Compared to the SIE based on free-space Green's function (FSGF) and other differential equation based approaches, the modeling complexity in dealing with such a complex multilayered plasmonic structure can be greatly reduced. Because the multilayered structure can be viewed as the background and corresponding scattering effects are included in the LMGF itself, without the necessity of discretization. For the evaluation of Sommerfeld integrals in the LMGF, which are infinite, oscillatory and slowly convergent integrals, the discrete complex image method (DCIM) [24] is further applied to reduce the computational cost. The work develops an accurate and efficient simulation tool for predicting SE of a quantum emitter in the complex multilayered plasmonic system.
Theoretical principles

Green's function approach in spontaneous emission
According to quantum electrodynamics, a quantum emitter (atom, molecule or quantum dot, etc) at excited states spontaneously emits photons in inhomogeneous environment due to the ground-state (vacuum) fluctuations of the EM field. If we consider the emitter to be a twolevel system located at r = r 0 and with the transition dipole moment operatorp = −er = p (|g e| + |e g|), the SER of this system can be determined by the Fermi's golden rule [6] ,
where p = g|p|e = e|p|g and u k are the normalized eigenmodes of photons satisfying the following Helmholtz equations
We can then define the electric-type Green's function that satisfies the same equation with the excitation of delta function
According to the eigenmode expansion approach, the Green's function can be expressed as the summation of the eigenmodes [25] Im Ḡ (r, r , ω)
Hence, the SER can be determined by the Green's function
If the emitter has no fixed dipole axis and the EM environment is isotropic, the emission rate is obtained by averaging over all possible orientations.
In this case, the averaged SER is related to the LDOS [6] defined by
To quantify the SE enhancement in the inhomogeneous environment, it is convenient to define the normalized SER or Purcell factor as
HereḠ 0 is the FSGF, where the surrounding medium is homogeneous and unbounded. In summary, the local environment changes the eigenmodes of the EM field, and thus modifies the LDOS. By calculating the Green's function, and making the source point and the observation point identical (r = r = r 0 ), one can obtain the LDOS and SER. The SER here contains both radiative and nonradiative parts. Since the normalized SER is equivalent to the normalized power emitted by a classical dipole, one can first obtain the nonradiative SER, which is proportional to the power absorbed by the environment, through near field calculation. After that, the radiative one can be easily obtained by subtraction according to energy conservation [26] .
Surface integral equation with layered medium Green's function
As has been discussed, the computation of SER is equivalent to the calculation of Green's function . However, for arbitrary inhomogeneous environment, finding the Green's function is nontrivial and can only be realized via a rigorous full-wave EM solver. In the following, we will apply the SIE with LMGF to obtain the SER of the hybrid plasmonic system. The schematic configuration is shown in Fig. 1 , where the nanoscatterers with arbitrary shapes are embedded in a multilayered structure. To setup the SIE, the integral operator is first introduced to describe the electric/magnetic field (E/H) generated by equivalent electric/magnetic currents (J/M) [17] 
where
We only discuss the electric-type LMGFḠ e in Eq. (11) and Eq. (12) here since the magnetictype LMGFḠ m in Eq. (13) and Eq. (14) can be easily obtained via the duality principle [27] . TheḠ e is defined asḠ
where k 2 nm = ω 2 ε n μ m , m and n are the layer indices of the source and observation points, and
Here F TE/TM (k ρ , z, z ) is the propagation factor in the layered medium [27] , k mz = k 2 m − k 2 ρ , and J 0 (k ρ ρ) is the zeroth order Bessel function.
We will focus our attention on the situation where the emitter and the nanoscatterers are put in the same layer. However, it can be easily extended to the cases where they are in different layers by properly adjusting the propagation factor. Such device in enhancing SE is recently reported in [28] .
Since metallic nanoparticles are penetrable at the optical frequency band, the assumption of perfectly electric conductor (PEC) in microwave spectrums is no longer valid; and the PM-CHWT (Poggio, Miller, Chang, Harrington, Wu, Tsai) formulation [29] [30] [31] should be applied to account for the conductive (ohmic) loss of metal
where the superscript "o" means outside the boundary of the scatterer and "i" means inside the boundary. The subscript "tan" means tangential component. The incident field is evaluated in the presence of the layered medium and in the absence of the metallic scatterer. Once the equivalent electric/magnetic currents are solved, the scattered field can be easily obtained via Eq. (9) and Eq. (10).
To model arbitrarily shaped nanoscatterers, the triangular surface mesh and the RWG (RaoWilton-Glisson) basis functions [32] defined on it are utilized. By applying the RWG bases as the expansion and testing functions, the LMGF can be cast into a matrix-friendly form, where the singularity of the dyadic Green's function becomes much weaker through transferring the partial derivatives from the Green's function to the basis functions [23, 33] . The matrix
where f s = −ẑ ×ẑ × f is the horizontal projection of the basis function; the inner product is defined as f(r) · g(r) = drf(r) · g(r), and
Similarly the matrix representation of K H operator is
In Eqs. (26)- (29), φ = arctan [(y − y )/(x − x )], and J 1 (k ρ ρ) is the first order Bessel function. As described above, the computation of the SER of the quantum emitter in a plasmonic system can be converted into a classical EM scattering problem. More specifically, the Green's function can be determined in the following way. We put an α-polarized Hertzian dipole to excite the structure, and calculate the scattered field at the same location by using the SIE with LMGF. Finally the Green's function (of the whole hybrid structure) can be deduced as
The first term of the right-hand side is from the scattered field, the second term is from the secondary term of the incident field (due to the reflection and transmission of the layered medium), and the third term is from the primary term of the incident field (the field is singular but the imaginary part of Green's function is regular and has analytic solution). Compared with the normal SIE based on FSGF, there are several advantages in our SIE scheme with LMGF in modeling the aforementioned complex multilayered plasmoinic system. First, the normal SIE needs to discretize nanoscatterers as well as the multilayered structure; thus the number of unknowns is huge, especially when considering that the structure is typically much larger than the nanoscatterers. Second, for accurately reproducing plasmonic effects, very fine mesh is required in modeling the nanoscatterers to capture the highly concentrated and localized field, hence multiscale discretization is required in the normal SIE and the condition of the matrix is bad. Finally, if the number of layers increases in certain optimizations, the equation has to be reformulated and the mesh needs to be regenerated; and hence the number of unknowns increases accordingly. However, for the scheme developed here, such problems can be overcome-only the surface of the nanoscatterers needs to be discretized, and increasing the number of layers does not introduce extra modeling complexity.
Evaluation of Sommerfeld integrals via discrete complex image method
The Sommerfeld integrals in Eqs. (20)- (24) involved normally have no analytic solution in the spatial domain and the numerical integration strategy is very inefficient. In this section we will apply the DCIM to accelerate the evaluation of Sommerfeld integrals in the LMGF. The Sommerfeld integrals in Eqs. (20)- (24) can always be expressed as an infinite integral of the following type
If the integration kernel can be approximated by a series of complex exponentials,
ik mz b i (32) by applying the Sommerfeld identity [27] ,
the infinite integral can be evaluated in a closed form,
The complex exponential series can be obtained from the matrix pencil method [34] and will not be repeated here. As can be seen in Eq. (34), the LMGF consisting of infinite integrals finally becomes a series of FSGF with complex distances and amplitudes. Therefore, the computation can be made to be the same order as the free space problems. For the Sommerfeld integrals in Eqs. (26)- (29), the DCIM can also be applied by using the following integration identity, which can be easily derived from the Sommerfeld identity in Eq. (33) and recurrence formula of Bessel function
One should note that the accuracy of the approximation in Eq. (32) is reasonably good for the near field calculation. However, it may loose accuracy in the far field regime due to the existence of surface wave poles (guided modes) or branch point singularity (lateral waves). This issue can be further addressed by proper deformation of the sampling path and the extraction of poles [35, 36] .
Simulation results and discussion
To validate the accuracy of the SIE approach, we first test the scattering of a gold nanosphere in air, where analytic solution is available. The complex refractive index of gold is obtained by the Brendel-Bormann model [37] . The particle is illuminated by a normal incident plane wave at λ = 510 nm, the configuration is shown in Fig 2(a) , and the near field along the observation line is shown in Fig. 2(b) and Fig. 2(c) , compared with the one from MIE series [38] . The minor discrepancy occurs only at the boundary of the sphere, where the field is singular. Next, we model the scattering of the gold nanosphere located in an air-gold-air substrate, excited by a z-polarized dipole, as shown in Fig. 3(a) . In this case, no analytic solution is available. The accuracy is validated by an approximated model, where the substrate is truncated with a dimension of 600 × 600 nm, and the SIE based on FSGF is applied. The real part of the z-component of electric field Re {E z } is calculated, which is proportional to the imaginary part of the Green's function Im {G zz }. The agreement of the two results is reasonably good, as shown in Fig. 3(b) . After the validation we then calculate the SER of the configuration as shown in Fig. 3(a) . The normalized SER with different polarizations of emitters are shown in Fig. 4(a) (x-polarized) , and Fig. 4(b) (z-polarized) , respectively. To clearly demonstrate the effect of the substrate, the results of the nanosphere in air and the substrate (the LMGF itself) are also calculated. It is observed that the vertically polarized dipole excites stronger field than the one from horizontally polarized dipole. This is because strong near-field evanescent wave coupling between sphere and substrate can be expected for z-polarized dipole imposed between the two metallic nanostructures. The localized plasmon from the nanosphere will strongly interact with the surface plasmon from the plate substrate resulting in a strong confinement and large spontaneous decay rate. Particularly, constructive or coherent interferences by evanescent wave coupling in the case of z-polarized dipole makes the normalized SER of the hybrid system stronger than the summation of the nano sphere and the substrate. In Fig. 4(c) , the normalized SER versus the distance between the nano particle and the metallic substrate is shown, where the SER decreases monotonically when the distance increases. This suggests that the near-field surface waves from plasmonic resonances contribute to the boosted SE in comparison with leaky waves in the middle or far field regions, which have weaker effects on SE. The near field distribution is also calculated at λ = 510 nm with z-polarized dipole as shown in Fig. 5 . In Fig.  5(a) , the mesh of the nanosphere is shown; in Fig. 5(b) and Fig. 5(c) , the near scattered field of the nanosphere (in logarithmic scale) with and without the substrate is shown for comparison. The singular primary field of the dipole is subtracted for better demonstration. A strong E-field is concentrated at the gap between the nanosphere and substrate. Finally, to show the capability of our scheme in a general multilayered structure, the system for molecular detection or sensing in Fig. 6 is investigated. A triangular gold nanoantenna is embedded in an air-PMMA (poly methyl methacrylate)-ITO (indium tin oxide)-SiO 2 substrate. SE or Raman scattering from the molecular material can be amplified by the metallic structure. The dimension of the prism and the substrate is shown in Fig. 6(a) , where the refractive indices are: n = 1.49 (PMMA), n = 2 (ITO), and n = 1.47 (SiO 2 ) [39] . The polarization of the dipole is assumed to be directed at z direction. The normalized SER (with respect to the one in a homogeneous and unbounded PMMA space) for two different locations of the emitter is shown in Fig. 6(b) . Location a is above the center of the prism (0, 0, 10), and location b is around one corner of the prism (−35, −17.32, 0). It is observed that the SER is strongly location dependent, which should be taken into account in the design of the nanoantenna. For location a, there are two resonant peaks while for location b there is only one. The scattered near field distribution at the two resonance frequencies for the case of the location a is shown in Fig. 6(c) and Fig.  6(d) , respectively. The primary field of the dipole is also subtracted and again logarithmic scale is adopted. As shown in Fig. 6(c) , the near-field of the metallic prism is concentrated at the center region of its cross section at the resonance peak of 520 nm. The supported photonic-like mode contributes the boosted SE. Furthermore, the whole prism is fully excited at the second resonance peak of 680 nm as depicted in Fig. 6(d) . The sharp E-field hotspots are focused on the tips of the prism induced by the plasmonic and lightning-rod effects. The dipole, with different positions and orientations, enables distinguished eigenstates of the nanoantenna system excited involving plasmonic and photonic-like modes. As a result, the enhanced SER shows position and polarization dependent features. All the numerical simulations except for the approximated validation model mentioned above are run on a personal computer with 2.66 GHz processor and 2 Gb memory, without the necessity to invoke super computers.
Conclusion
A surface integral equation method with layered medium Green's function has been proposed to study the spontaneous emission of a quantum emitter in a complex multilayered plasmonic system. Different metallic nanoscatterers are incorporated to the multilayered system to boost the spontaneous emission, which is commonly encountered in various optical applications. The spontaneous emission rate is obtained from the Green's function of the whole system and solved by using a classical full-wave electromagnetic solver. The discrete complex image method is further applied to expedite the computation. This work offers an accurate and efficient simulation tool for producing and understanding the spontaneous emission in complex multilayered plasmonic systems.
